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We study the relaxation kinetics in living polymer systems, such as petgéthylstyreng where
association-dissociation processes are monomer mediated, so that the molecular weight distribution adapts
reversibly to the new thermodynamic parameters by monomer exchange at active sites at chain ends. Using
both a system of rate equations for the concentratidnroérs, which is solved numerically, and Monte Carlo
simulations in terms of a bond fluctuation model, we find a good description of the dynamic response of the
system to large deviations from equilibrium in terms of a single relaxation tjrmé.5, whereL is the average
chain length in equilibrium. The response itself is found to decay with tirast™?! in the late stages of
relaxation. In contrast to wormlike micelles with scission-recombination kinetics, the average lifgtiofie
chains of length is found to be practically independentldfor | >1 for a given rate of dissociation which may
essentially determine the dynamics of such systé®5063-651X97)08408-0

PACS numbe(s): 82.35+t, 36.20—r, 05.40+]

[. INTRODUCTION While these equilibrium properties are insensitive to the
kinetic mechanism by which the chains exchange material,
Systems in which polymerization is believed to take placethe dynamical behavior of a living polymer system is gov-

under conditions of chemical equilibrium between the poly-erned entirely by its kinetics. Thus in the case afcéssion-
mers and their respective monomers are termed “livingrecombination mechanism a chain may break anywhere
polymers.” These polymers are long linear-chain macromol-ajong its backbone into two smaller chains, and the reverse
ecules or threadlike giant micelles that can break and reconbrocess of end-to-end association of smaller Species into a
bine reversibly so that they are in equilibrium with respect t0jarger chain takes place as well. For such systems the char-
their molecular weight distributiofMWD). A number of  eristic nonlinear thermodynamic relaxation upohjamp
examples have been studied recently, including liquid Su”ur(temperature changén living polymer systems, for which

[1-3] and selenium [4], wormlke micelles [3], the MFA kinetic equation can be solved exacfly5], has

poly(a—methylsty_renb[6—9]_, _and_protein fiIamentElQ]. been shown to be in excellent agreement with results of com-
Due to experimental difficultie$5,8] the properties of router experiment&l4]

living polymers still pose a number of questions. Theoretica In th t stud f the d . f
descriptions are formulated predominantly within the frame-. . N the present study we Tocus on the dynamic response o
work of the mean field approximatidiMFA), and some very living polymers, charapterlzed' .by. a different .me.char'usm,
recent computer simulation studifsL—14 support most of nar_nely, monc_Jmer-medlatedaqU|I|br|um p_o_lymen_zatlon in
the MFA predictions. Thus it has been confirmed that equi\Vhich only single monomers may participate in the mass
librium polymerization proceeds through a phase transitiorfXchange. For this no analytic solution, even in terms of
[11], and the macromolecules in a polydisperse system oMFA, seems to exist yeftl6]. Monomer-mediated equilib-
living polymers are characterized by an equilibrium expo-fium polymerization(MMEP) is typical for systems such as
nential length distributionn?d, poly(a-methylstyreng [6—8] in which a reaction proceeds
by the addition or removal of a single monomer at the active
P [ end of a polymer chain after a radical initiator has been
nqT)= Fex;{ - E)' (1) added to the system so as to start the polymerization. The
attachment and/or detachment of single monomers at chain
ends is believed to be important also for certain liquid sulfur
systemdq17] as well as for self-assembled aggregates of cer-
tain dyed 18] where chain ends are thermally activated radi-
cals.
We point out an important difference in MMEP systems
2) as compared to giant micelles with scission-recombination
relaxation kinetics: the insensitivity of a chain lifetime to the
length of the macromolecule, or to the average chain length
and grows exponentially with increasing rafitekg T where  of the polydisperse system. Thus the average lifetime of a
J denotes the energy to create a chemical bond along thdMEP chain should be determined predominantly by the
backbone of the polymer, arg is the Boltzmann constant rate of dissociationfF, at a given temperature, and for the
[12,13. same Fthis lifetime is expected to be much larger than that

wherelL is the mean chain length. depends on the thermo-
dynamic variables of the system, such as temperaiyre
pressure, and total monomer densgy ZIn, :

J
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of a giant surfactant micelle. This difference could have im- o

plications for the polymer dynamics too. N(t)zE n(t). (6)
In the present investigation we treat the problem as a sys- =1

tem of coupled rate equations for a thermally activated . . .

polymerization-depolymerization process, which we solve' e average cham I_engt_h at timefter the systeg is moved

numerically in Sec. il. We argue that despite some differ-OUt Of equilibrium is given byL (t)=$VN(t) " It can

ences(in the rate equation for active monomers onlg readily be checked that a summation ovén Egs.(4) yields

systems with and without initiator, the relaxation towards _

equilibrium as well as the MWD, established in equilibrium, N=(F—Kny)N—Fn;. (7)

are the same. We compare results from the numerical solu- ]

tion of the system of rate equations to those from our Montel Ne first of Egs.(4) for the free monomers then becomes

Carlo simulations, using a modified bond-fluctuation algo-n1=—Kn§+(F—Kn1)N+F(n2—nl). Thus Eq. (7) de-

rithm [13], described in Sec. lll. In this way we check for the pends on the number of free monomenrg, which in turn is

importance of transport properties of the medignot ac- coupled to the number of dimers,, and so on, and the

counted for in the system of rate equatipaad demonstrate system of Eqs(4) cannot be represented in a closed form.

that both approaches produce almost identical results. In the

final section we briefly summarize our results. B. The system of rate equations with initiator

In this case there is a fixed and constant nhumber of initia-
tors |y and thus a fixed number of active species in the sys-

A. The system of rate equations without initiator tem. Propagation of polymerization proceeds by attaching or
detaching an inert monomer to or from an active chain:

Il. RATE-EQUATION ANALYSIS OF THE MMEP MODEL

Assuming that the probability distribution of cluster sizes
n, (chains of length) is governed exclusively by MMEP, K.F
each chain may gain or lose a monomer at the chain end, n+Men, ;. 8
which is considered to be the only active site of the macro-
molecule. The kinetics will be described then by two rateThus the total number of polymer chaiNs==n, (including
constantsk for coagulation andr for fragmentation, denot-  the activemonomersp,) is eternally fixed andN=1,. This
ing the probability per unit time that a single monomer isaang that for the case of initiators we have0 for all
attached or detached at the end of a givehain through the a5 Besides the relative concentration of chains of length

following reaction mechanism: |, the quantity that changes with time in this case is the
number of inert monomer® since part of them are con-
sumed by the growing polymer chains. The system of rate
equations can be writtef20—-22 under involvement of the
number of inert monomenrs! as

K,F
n+NeNLg. 3

Using a Smoluchowski rate-equation appro@tf] we can
write a system of nonlinear differential equations: .
n]_: _KM n1+ Fnz,

© o0

S 2 .
ny=—2Kni-Kn 2 n+2Fn+F 2, ny, hp=KMn;—KMn,+Fns—Fn,,

h2=Kni—Kn1n2+Fn3—Fn2, n3:KMn2_KMn3+Fn4_Fn31

ns=Kn;n,—Knyns+Fn,—Fng,
n=—KM(n—n_)+F(n1—ny). (9)

. Because of the mathematical similarity to the system with all
n=—Kny(n—n;_1)+F(Nn—ny). (49 monomers activéno initiaton, Egs.(4), below we consider
the latter more thoroughly.
The constants of 2 in the first of Eq4) follow from the fact
that when two free monomers combine, the total number of
monomersn, is reduced by 2, similarly when a dimer
breaks, 2 chains of size 1 are formed. An analytical solution forn, appears possible only in
From the conservation of mass in the system, equilibrium: setting the left hand side of Eqgl) equal to
zero, it can be represented as a recurrence relation,

C. The molecular weight distribution in equilibrium

> =gV, (5) ny1=(a+1)n—an_q, (10)
=1

where we have sed=n;K/F. One can then easily verify
whereV is the system’s volume, and the total number ofthat the resultant distribution of chain lengths for a MMEP
clusters(chaing N(t) at timet is system is given by
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F G
n=ra (0<a<i), (11) N=-KnN,

n;=—Kn?—Kn;N. (15)

just as in the case of scission-recombination kinetics; see E

(2). With the equilibrium distribution, Eq(11), one finds h this case the time evolution of is given implicitly by

N=(F/K)a/(1—a) and ¢V=(F/K)a/(1—a)? so that the Kt=E;(InN), (16)

mean lengthL .= ¢>V/N=(1—a)‘1, or, for the MWD one ) ) ) )

obtains where E; is the exponential integral function,
Ei(x) =Syt~ texp(—t)dt.

F F | Closing this general consideration of the system of rate
n|=Rexr(Ilna)~Kexr( - L_) equations, it appears appropriate to note the differences be-
ea tween the two cases of MMEP with and without an initiator.
It is immediately evident from the last of Eqgl) that the

1 F [ 4KeV [ F generic equation for all polymer chairiexcept forn,) is
Leq T2KaV I+—F/—-1)~ KoV’ (12 igentical to that of Eq(9), whereby in the right-hand side of
Eq. (9) ny is simply replaced by. Mathematically the only
difference between systems with and without an initiator, as
a comparison of Eqg9) and(4) shows, pertains to the time
! . evolution of active monomergn,, albeit in both cases the
suppressing the terme;;,; and n,_; in Egs. (4). Then

. . . corresponding equations contain contributions from binary
n=—(F+Kny)n=—-F(1+a)n=-n//7, which yields ang |inear terms only. Practically, the differengeof any

Following Lequeux[23], we can estimate the average
lifetime 7, of a chain of lengthl in a MMEP system by

for the lifetime significance since eventually the MWD will be determined
by the longer chainsis most easily seen again for the exact

Tlfl: F( 2 i) . (13) solution of the case of no fragmentatidr— 0. Instead of the

Leq integral exponent, obtained in E¢L6), in the case of an

initiator one can readily verify that the number of inert
Thus it turns out that the lifetime of sufficiently long poly- Monomers decreases exponentially, that is, somewhat faster
mersL o> 1 in a MMEP system is practically independent of With time.
chain length, contrary to the case of scission-recombination
kinetics [23], where it depends both dnand on the mean D. Numerical solution of the rate equations

chain lengthl ¢, We consider now a numerical study of the MMEP kinet-
_1 ics, as described by the system of nonlinear differential equa-
7 " =F(+2L¢y. (14 tions (4) subject to mass conservation, E§). Most of the
calculations are carried out over 1000 equations, so that the
Of course, this is to be expected since a micelle has atptal number of monomersl = ¢V =1000. A record is kept
L-times larger probability to break than a MMEP chain has.of n|(t) for 1<I=<50 over some 10000 time steps, and we
An important implication of this result concerns stressemploy an integration scheme with self-adjusting integration
relaxation. In a dense system of entangled “dead” polymerstep 5t. We also calculate the evolution of the mean chain
chains, diffusion is expected to be determined by thef-  lengthL(t) and the number of chairls(t).
tational movement, and stress at points of entanglement is As an initial length distribution we use an equilibrium
relaxed only after a chain has traveled out of the “tube,” MWD, Eq. (11), or aé distribution, 5(1 —2), starting with an
occupied during characteristic timg,,, and entered a new initial system of dimers. The system then evolves in time
tube. As it has been shown recently by Caf& and until a new equilibrium is reached, characterized by a mean
O’Shaughnessy24], long enough chains of wormlike mi- lengthL.,.
celles,L.1, could haver|< ., [cf. Eq.(14)] and, there- In Fig. 1 we plot in log-log coordinates the time variation
fore, by breaking into smaller fractions, effectively shortenof the number of clusters of sideafter a quench from an
the initial “tube” and release the stress faster than a conveninitial equilibrium MWD into a final state with.,,=10 is
tional reptation mechanism would imply. In contrast, for theperformed. In contrast to a previous wdrk6], where very
sameF as in Eq.(14), from the present investigation, Eq. small deviations from equilibrium were considered,
(13), one could conclude that in a MMEP systeath chains  (1—L%L.))=—0.01, here we are interested in deviations
will be sufficiently long lived and the conventional reptation that are nearly two orders of magnitude larger.
mechanism of stress relaxation will take placeFIf how- It is immediately clear from Fig. 1 that during relaxation
ever, is large enougle.g., at high temperaturé¢he chains to a new equilibrium state the temporal MWD does not pre-
will quickly disintegrate so that this mechanism will not be serve its exponential form. Clearly, the change in the number
the dominating one. of free monomers in the system takes place much faster than
The general case, Eq&l), can be solved analytically ex- that of clusters with largel. In the late stages of relaxation
actly if only irreversible aggregation is considere®=0, the number of long chains still varies significantly whereas
which is relevant in the case when the binding enefgg  the shorter species have already attained equilibrium values.
much larger than the thermal enerkgT. The rate equations However, even at late times, still keeps changing, contrib-
(4) then reduce to uting thus to the overall slow relaxational kinetics of MMEP.
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FIG. 1. Numerical solution for the evolution of the number of
chains of length (given as a parameteirom an initial equilibrium
MWD with L3,=15 (dashed lings andL2,=5 into a new equilib-
rium state withL = 10.

Thus a substitution of a constami®insteadn,(t) in Eq. (6)
would produce an exponentially fast relaxationN{ft) with
time in contrast to the results of numerical integration.

It is also evident from Fig. 1 that the variation of the
number of clusters of a given size is not symmetric with
respect to the direction of the jump when the initial devia-
tions from equilibrium are equal.

In Fig. 2(a) we show the time evolution of a system con-
sisting initially of only dimers, towards an exponential equi-
librium MWD. The nonlinear relaxation df(t) (cf. inse) is
clearly seen. The variation df(t) with time is reasonably

interpolated for all time¢ by the function
t -1

2

oo

L.—Lo

L(t)/Lle—( +

with Lo=2 andL..=5. In Fig. 2b) we replot the data from
Fig. 2(@) in terms ofn, versusl for several times elapsed
after the quench. Evidently, at=0.10 s, shortly after the
guench, the initialé-like distribution broadens and trans-

forms into a Poisson distribution, which later changes into a
with Ly=2 andL,=5. (b) The same data plotted ag vs | for

Gaussian distribution (at t
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FIG. 2. (a) Numerical solution for the change in the number of
chains of length with time after a quench from an initiaf-like
distribution of chains withL=2. In the inset the variation of the
average chain length(t) with time is shown(empty circle$. The
solid line denotes an interpolation by
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=0.50 9 and ends eventually as an exponential distributiordifferent times after the quench.

aftert=30 s. Thus our numerical results for a system with-
out an initiator exactly follow the scenario, predicted by
Taganov[20] for a MMEP with an initiator and even the
form of the MWD for various times after the quench is the
same as in his Fig. 20|, derived in terms of a continuum
approximation to the system of Eq®). It appears indeed

if time t is measured in units of a single relaxation time.

For the case of an exponential initial MWD we find
er:(O.SS_x)? The scaling is also observed for an initial

distribution, Fig. 4, where we obtain = (1.3L..)°. We also

that MMEP systems with and without an initiator undergo find for the scaling functionf(x), where x=t/7_, f(x)

qualitatively the same relaxational process.
It turns out that a rather simple description of this nonlin-
ear relaxation in terms of single relaxation time,r_, de-

pending on the final average chain lengthis suggested by
a scaling plot oL (t) for differentL.,, as shown in Fig. 3 for
an initial exponential MWD. It is evident from Fig. 3 that the
response curved, . —L(t), for different L, may be col-
lapsed on to a single “master” curve L (t)/L..=f(t/7_ )

=x"1for x—o.

IIl. MONTE CARLO SIMULATION
OF THE MMEP MODEL

A. The algorithm

In the Monte Carlo simulation of the MMEP kinetics of

relaxation we use a modified algorithfa3], based on the
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06

FIG. 3. Scaling plot oL (t) from the numeri-
cal solution of the rate equations for quenches to

1-L(t)L_, .

oL different equilibrium states from an initial expo-
oL, nential MWD withL=2. The final mean lengths,
oLy , L. are given in the legend. The inset shows the

0.2 | al_,, 10 original L(t) vst data. Herer, =(0.33...)°.
+L_,, 12

0.0 5

t/t,

=AS

highly efficient bond fluctuation modg25], which is known itself, are virtually impossible. All lengths are measured here
to be very reliable in reproducing both static and dynamidin units of the lattice spacing and the symigoktands for all
properties of polymer chains in melts and solutions. Thepermutations and sign combinations of the Cartesian coordi-
bond fluctuation model is a coarse-grained model of polymenates (,,l,,!,), which yields a total of 108 permissible
chains, in which an “effective monomer” consists of an el- bonds. The modified bond fluctuation model allows now for
ementary cube whose eight sites on the hypothetical cubia changing number of chains and chain lengths due to mono-
lattice are blocked for further occupation. This defines themer attachment and/or detachment events in the course of the
largest possible density of the polymer solution, which inMMEP process. In the course of the simulation the ends of
terms of occupied to total volume is 0.5. A polymer chain ispolymer chains are not allowed to bind together so that for-
made by effective monomers joined by bonds. A bond cormation of rings is impossible.

responds to the end-to-end distance of a group-e63suc- Time is measured, as usual, in Monte Carlo St&p€S)
cessive chemical bonds and darctuatein some range. Itis  per monomer of the system and a MCS is organized as fol-
represented by vectork of the setP(2,0,0), P(2,1,0), lows: (i) A monomer is chosen at random and allowed to
P(2,1,1),P(3,0,0), andP(3,1,0), which guarantee that in- perform a move according to the bond fluctuation model
tersections of the polymer chain with other chains, or withalgorithm; i.e., a random jump on a cubic lattice is carried

1.0 — -

10 +

0.8 *

<0.6 -
o
- FIG. 4. The same as in Fig. 3 for an initial
= monodisperse  system of dimers and
~ 04 7 =(1.3L.)°%
02 r

0.0
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10° L,.=4.280. (b) The same for a heating from
To=0.35t0T=1.0.
(b)
10°
a g \\\<>\A\/\ . /\/\/ ,\ (VA \“AW WMIW"N M““qw
c N ~ N

; \J r |||

] b, R,
i T 1-mers My ‘ﬂk: J"'w IW";W

107, 5 ‘ PP 162 :
time [MCS]

out so that chains do not intersect other chains or themselvelength L has been kept rather small—less than 1% of the
(if) If a monomer happens to be an end of a chain, an attempbtal number of monomers in the system, which significantly
is made to detach it from the chain; i.e., its bond is broken ifrestricts the choice of the lowest temperature. Usually, we
the value of a random number between 0 and 1 is smallefiave performed 30 runs for a givéh jump whereby the
than the Boltzmann constant explkgT). (iii) If a free initial, T,, and the finalT, temperatures, have been chosen
monomer exists within the range of permissible bond lengthgo as to ensure a larger change in the MWD.

from a chain end, it is associated with the chain and a new
bond is created.

During one MCS one carries out these three steps as many
times as there are monomers in the system. The simulations In Fig. 5a we show the evolution of the number of
have been done on a 3@0x 30 cubic lattice with periodic chains of different length after cooling of the system from
boundary conditions. In the regime of dense polymer soluT,=1.0 to T=0.35, and in Fig. ) the same is shown for
tion with ¢= 0.4, which we keep throughout the present in-the reverse process of heating frdmp=0.35 toT=1.0. Ob-
vestigation, the system box accommodates a total of 1350iously, the simulational curves, representing the change of
monomers. Finite size effects have been found earlier to dis3,(t) with time are almost identical to those of Fig. 1, al-
appear{13] for system sizes larger than X85x 15, how- though in the MFA rate equatiorid), transport properties of
ever, in order to ensure good average values, the mean chaime medium have been completely ignored. This comparison

B. Simulational results
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FIG. 6. Scaling plot for the relaxation of the
mean chain length_(t) after a T jump from
T,=0.35 to a series of final temperatures, given
as a parameter along with the respectlvgs.
The same Monte Carlo results as in Fig. 5 are
used. Full line denotes the scaling function
f(x=t/7_)=(2.215+9x) " In the inset the
evolution ofL(t) with time, measured in MCS is

Ly, -1,

o T0.5, L_,2.24
;1 eT08,L1.81
o T0.7, L_,,1.57

~T0.8,L_, 1.42 shown.
oL  +T09,L,1.34 1
[0.215+8*(t/‘c,_=A5)]'1
o? 102 10° 10°
t/t,
=AS

suggests that most of the conclusions, derived from the MFAn sulfur and some dyes, in which association-dissociation
approach, could be found to be still valid in the case of oumprocesses involve single monomers only. It appears that a
computer experiment. Certainly, this might not be too sur-different MMEP process, as in polg¢methylstyrengwhere
prising since mean field treatments work best at high densithe polymerization involves an initiator, evolves qualitatively
ties; in any case, however, it shows that a treatment in term& the same way. For both, as in the case of wormlike mi-
of a system of differential rate equations appears reasonablgelles with scission-recombination kinetics, the equilibrium

In the case of very low densities, however, the situatiotWD is shown to be exponential, characterized by an aver-
could be more complex. The relaxation kinetics could in-29€ chain length..

volve additionally a characteristic “diffusion time,” needed _ Within @ MFA approach, describing the time variation of

by the free monomers to find a chain end in the solutionth® number of chains after a temperature jump towards new

This time would compete with the fragmentation rate ang€auilibrium, we find that the mean lifetimg does not de-
possibly, if too large, slow down the evolution toward equi- P€nd essentially oh, which might have important implica-
librium. A simulational study of the limit of very low densi- 0ns for the dynamics of MMEP systems.

ties would imply dealing with very large systems at suffi- From the numerical solution of the nonlinear coupled sys-

ciently low temperature so that one still Hag>1, and thus tem of rate equations, we conclude that during the dynamic
require substantial computational efforts—we envisage thi§€SPonse of the system to a strong perturbation, the MWD
as a task for future work. does not retain its exponential form, as in the case for worm-

The behavior of the mean chain length is shown in Fig. 6Iik_e micgllgs with scission-recombination kinetjcs. Start.ing
as a raw data (insey and in a scaled form, with an initial §-I|ke MWD, t'he systgm evolves into a P0|s_-
[L(t)/L,—1]L2=f(t/7_ ), representing a sudden heating S°™ and Ia_ter into a Gaussian d|_str|_but|_on, the Iat_t_er _relaxmg

L . eventually into an exponential distribution at equilibrium. It
OT the system from initial temperatuig=0.35 0 a series O_f appears possible to describe MMEP relaxation in terms of a
gggmhgrsi(:l?s‘?[igtlfjl:;ec:i Ztcl)o?\s %tel'a?gt'irg'ei’ ;?gr%%n?pesif'te single characteristic time that varies as the fifth power of the
) ; . . ' equilibrium average chain length. During the asymptotic
is evident from Fig. 6 that the different curves collapse on a(Igte) stages of relgxation the mgean chain%ength agprc?aches
single one if time is scaled by a singte . As for the system its equilibrium value as 1.
of rate equationg4), we again findr,_=(1.84...)°, where A Monte Carlo simulation of the relaxation kinetics in a
the power 5 is determined with an accuracy02%. An  MMEP system yields results that agree remarkably well with
interpolation  formula for the scaling function the MFA treatment in terms of rate equations, suggesting
f(x=t/7_)=(2.215+ 9x) ! appears to account well for the that at higher density transport processes do not significantly
observed relaxation kinetics. limit the relaxation. Both the variation of the number of
chains of a given length with time as well as the evolution of
the mean chain length(t) support the MFA conclusions
and demonstrate that the initial deviation from equilibrium

We have studied the relaxation kinetics of a system in alecays asymptotically as ! and is described by a single
state of monomer-monomer equilibrium polymerization, ascharacteristic timer «L5.

IV. SUMMARY
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