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Monomer-mediated relaxation in living polymers
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We study the relaxation kinetics in living polymer systems, such as poly(a-methylstyrene!, where
association-dissociation processes are monomer mediated, so that the molecular weight distribution adapts
reversibly to the new thermodynamic parameters by monomer exchange at active sites at chain ends. Using
both a system of rate equations for the concentration ofl -mers, which is solved numerically, and Monte Carlo
simulations in terms of a bond fluctuation model, we find a good description of the dynamic response of the
system to large deviations from equilibrium in terms of a single relaxation timetL}L5, whereL is the average
chain length in equilibrium. The response itself is found to decay with timet as t21 in the late stages of
relaxation. In contrast to wormlike micelles with scission-recombination kinetics, the average lifetimet l of
chains of lengthl is found to be practically independent ofl for l @1 for a given rate of dissociation which may
essentially determine the dynamics of such systems.@S1063-651X~97!08408-0#

PACS number~s!: 82.35.1t, 36.20.2r, 05.40.1j
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I. INTRODUCTION

Systems in which polymerization is believed to take pla
under conditions of chemical equilibrium between the po
mers and their respective monomers are termed ‘‘liv
polymers.’’ These polymers are long linear-chain macrom
ecules or threadlike giant micelles that can break and rec
bine reversibly so that they are in equilibrium with respect
their molecular weight distribution~MWD!. A number of
examples have been studied recently, including liquid su
@1–3# and selenium @4#, wormlike micelles @5#,
poly(a-methylstyrene! @6–9#, and protein filaments@10#.

Due to experimental difficulties@5,8# the properties of
living polymers still pose a number of questions. Theoreti
descriptions are formulated predominantly within the fram
work of the mean field approximation~MFA!, and some very
recent computer simulation studies@11–14# support most of
the MFA predictions. Thus it has been confirmed that eq
librium polymerization proceeds through a phase transit
@11#, and the macromolecules in a polydisperse system
living polymers are characterized by an equilibrium exp
nential length distribution,nl

eq,

nl
eq~T!5

f

L2 expS 2
l

L D , ~1!

whereL is the mean chain length.L depends on the thermo
dynamic variables of the system, such as temperatureT,
pressure, and total monomer densityf5( lnl :

L}AfexpS J

2kBTD , ~2!

and grows exponentially with increasing ratioJ/2kBT where
J denotes the energy to create a chemical bond along
backbone of the polymer, andkB is the Boltzmann constan
@12,13#.
561063-651X/97/56~2!/1946~8!/$10.00
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While these equilibrium properties are insensitive to t
kinetic mechanism by which the chains exchange mate
the dynamical behavior of a living polymer system is go
erned entirely by its kinetics. Thus in the case of ascission-
recombination mechanism a chain may break anywhe
along its backbone into two smaller chains, and the reve
process of end-to-end association of smaller species in
larger chain takes place as well. For such systems the c
acteristic nonlinear thermodynamic relaxation upon aT jump
~temperature change! in living polymer systems, for which
the MFA kinetic equation can be solved exactly@15#, has
been shown to be in excellent agreement with results of c
puter experiments@14#.

In the present study we focus on the dynamic respons
living polymers, characterized by a different mechanis
namely, monomer-mediatedequilibrium polymerization in
which only single monomers may participate in the ma
exchange. For this no analytic solution, even in terms
MFA, seems to exist yet@16#. Monomer-mediated equilib-
rium polymerization~MMEP! is typical for systems such a
poly(a-methylstyrene! @6–8# in which a reaction proceed
by the addition or removal of a single monomer at the act
end of a polymer chain after a radical initiator has be
added to the system so as to start the polymerization.
attachment and/or detachment of single monomers at c
ends is believed to be important also for certain liquid sul
systems@17# as well as for self-assembled aggregates of c
tain dyes@18# where chain ends are thermally activated ra
cals.

We point out an important difference in MMEP system
as compared to giant micelles with scission-recombinat
relaxation kinetics: the insensitivity of a chain lifetime to th
length of the macromolecule, or to the average chain len
of the polydisperse system. Thus the average lifetime o
MMEP chain should be determined predominantly by t
rate of dissociation,F, at a given temperature, and for th
same Fthis lifetime is expected to be much larger than th
1946 © 1997 The American Physical Society
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56 1947MONOMER-MEDIATED RELAXATION IN LIVING POLYMERS
of a giant surfactant micelle. This difference could have i
plications for the polymer dynamics too.

In the present investigation we treat the problem as a
tem of coupled rate equations for a thermally activa
polymerization-depolymerization process, which we so
numerically in Sec. II. We argue that despite some diff
ences~in the rate equation for active monomers only! in
systems with and without initiator, the relaxation towar
equilibrium as well as the MWD, established in equilibrium
are the same. We compare results from the numerical s
tion of the system of rate equations to those from our Mo
Carlo simulations, using a modified bond-fluctuation alg
rithm @13#, described in Sec. III. In this way we check for th
importance of transport properties of the medium~not ac-
counted for in the system of rate equations! and demonstrate
that both approaches produce almost identical results. In
final section we briefly summarize our results.

II. RATE-EQUATION ANALYSIS OF THE MMEP MODEL

A. The system of rate equations without initiator

Assuming that the probability distribution of cluster siz
nl ~chains of lengthl ) is governed exclusively by MMEP
each chain may gain or lose a monomer at the chain e
which is considered to be the only active site of the mac
molecule. The kinetics will be described then by two ra
constants,K for coagulation andF for fragmentation, denot-
ing the probability per unit time that a single monomer
attached or detached at the end of a givenl chain through the
following reaction mechanism:

nl1n1⇔
K,F

nl 11 . ~3!

Using a Smoluchowski rate-equation approach@19# we can
write a system of nonlinear differential equations:

ṅ1522Kn1
22Kn1(

l 52

`

nl12Fn21F(
l 53

`

nl ,

ṅ25Kn1
22Kn1n21Fn32Fn2 ,

ṅ35Kn1n22Kn1n31Fn42Fn3 ,

A

ṅl52Kn1~nl2nl 21!1F~nl 112nl !. ~4!

The constants of 2 in the first of Eqs.~4! follow from the fact
that when two free monomers combine, the total numbe
monomersn1 is reduced by 2, similarly when a dime
breaks, 2 chains of size 1 are formed.

From the conservation of mass in the system,

(
l 51

`

nl5fV, ~5!

where V is the system’s volume, and the total number
clusters~chains! N(t) at time t is
-

s-
d
e
-

lu-
e
-

he

d,
-

f

f

N~ t !5(
l 51

`

nl~ t !. ~6!

The average chain length at timet after the system is moved
out of equilibrium is given byL(t)5fVN(t)21. It can
readily be checked that a summation overl in Eqs.~4! yields

Ṅ5~F2Kn1!N2Fn1 . ~7!

The first of Eqs.~4! for the free monomers then becom
ṅ152Kn1

21(F2Kn1)N1F(n22n1). Thus Eq. ~7! de-
pends on the number of free monomers,n1, which in turn is
coupled to the number of dimers,n2, and so on, and the
system of Eqs.~4! cannot be represented in a closed form

B. The system of rate equations with initiator

In this case there is a fixed and constant number of ini
tors I 0 and thus a fixed number of active species in the s
tem. Propagation of polymerization proceeds by attaching
detaching an inert monomer to or from an active chain:

nl1M ⇔
K,F

nl 11 . ~8!

Thus the total number of polymer chainsN5(nl ~including
the activemonomers,n1) is eternally fixed andN5I 0. This
means that for the case of initiators we haveṄ50 for all
times. Besides the relative concentration of chains of len
l , the quantity that changes with time in this case is
number of inert monomersM since part of them are con
sumed by the growing polymer chains. The system of r
equations can be written@20–22# under involvement of the
number of inert monomersM as

ṅ152KMn11Fn2 ,

ṅ25KMn12KMn21Fn32Fn2 ,

ṅ35KMn22KMn31Fn42Fn3 ,

A

ṅl52KM ~nl2nl 21!1F~nl 112nl !. ~9!

Because of the mathematical similarity to the system with
monomers active~no initiator!, Eqs.~4!, below we consider
the latter more thoroughly.

C. The molecular weight distribution in equilibrium

An analytical solution fornl appears possible only in
equilibrium: setting the left hand side of Eqs.~4! equal to
zero, it can be represented as a recurrence relation,

nl 115~a11!nl2anl 21 , ~10!

where we have seta5n1K/F. One can then easily verify
that the resultant distribution of chain lengths for a MME
system is given by
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nl5
F

K
al ~0,a,1!, ~11!

just as in the case of scission-recombination kinetics; see
~2!. With the equilibrium distribution, Eq.~11!, one finds
N5(F/K)a/(12a) and fV5(F/K)a/(12a)2 so that the
mean lengthLeq5fV/N5(12a)21, or, for the MWD one
obtains

nl5
F

K
exp~ l lna!'

F

K
expS 2

l

Leq
D ,

Leq
215

F

2KfVSA11
4KfV

F
21D'A F

KfV
. ~12!

Following Lequeux@23#, we can estimate the averag
lifetime t l of a chain of lengthl in a MMEP system by
suppressing the termsnl 11 and nl 21 in Eqs. ~4!. Then
ṅl52(F1Kn1)nl52F(11a)nl[2nl /t l , which yields
for the lifetime

t l
215FS 22

1

Leq
D . ~13!

Thus it turns out that the lifetime of sufficiently long poly
mersLeq@1 in a MMEP system is practically independent
chain length, contrary to the case of scission-recombina
kinetics @23#, where it depends both onl and on the mean
chain lengthLeq,

t l
215F~ l 12Leq!. ~14!

Of course, this is to be expected since a micelle has
L-times larger probability to break than a MMEP chain h

An important implication of this result concerns stre
relaxation. In a dense system of entangled ‘‘dead’’ polym
chains, diffusion is expected to be determined by theirrep-
tational movement, and stress at points of entanglemen
relaxed only after a chain has traveled out of the ‘‘tube
occupied during characteristic time,t rep, and entered a new
tube. As it has been shown recently by Cates@5# and
O’Shaughnessy@24#, long enough chains of wormlike mi
celles,Leq@1, could havet l!t rep @cf. Eq. ~14!# and, there-
fore, by breaking into smaller fractions, effectively short
the initial ‘‘tube’’ and release the stress faster than a conv
tional reptation mechanism would imply. In contrast, for t
sameF as in Eq.~14!, from the present investigation, Eq
~13!, one could conclude that in a MMEP systemall chains
will be sufficiently long lived and the conventional reptatio
mechanism of stress relaxation will take place. IfF, how-
ever, is large enough~e.g., at high temperature! the chains
will quickly disintegrate so that this mechanism will not b
the dominating one.

The general case, Eqs.~4!, can be solved analytically ex
actly if only irreversible aggregation is considered,F50,
which is relevant in the case when the binding energyJ is
much larger than the thermal energykBT. The rate equations
~4! then reduce to
q.

n

n
.

r

is
’

n-

Ṅ52Kn1N,

ṅ152Kn1
22Kn1N. ~15!

In this case the time evolution ofN is given implicitly by

Kt5E1~ lnN!, ~16!

where E1 is the exponential integral function
E1(x)5*x

`t21exp(2t)dt.
Closing this general consideration of the system of r

equations, it appears appropriate to note the differences
tween the two cases of MMEP with and without an initiato
It is immediately evident from the last of Eqs.~4! that the
generic equation for all polymer chains~except forn1) is
identical to that of Eq.~9!, whereby in the right-hand side o
Eq. ~9! n1 is simply replaced byM . Mathematically the only
difference between systems with and without an initiator,
a comparison of Eqs.~9! and~4! shows, pertains to the time
evolution of active monomersn1, albeit in both cases the
corresponding equations contain contributions from bin
and linear terms only. Practically, the difference~if of any
significance since eventually the MWD will be determin
by the longer chains! is most easily seen again for the exa
solution of the case of no fragmentation,F50. Instead of the
integral exponent, obtained in Eq.~16!, in the case of an
initiator one can readily verify that the number of ine
monomers decreases exponentially, that is, somewhat fa
with time.

D. Numerical solution of the rate equations

We consider now a numerical study of the MMEP kine
ics, as described by the system of nonlinear differential eq
tions ~4! subject to mass conservation, Eq.~5!. Most of the
calculations are carried out over 1000 equations, so that
total number of monomersM5fV51000. A record is kept
of nl(t) for 1< l<50 over some 10000 time steps, and w
employ an integration scheme with self-adjusting integrat
stepdt. We also calculate the evolution of the mean cha
lengthL(t) and the number of chainsN(t).

As an initial length distribution we use an equilibrium
MWD, Eq. ~11!, or ad distribution,d( l 22), starting with an
initial system of dimers. The system then evolves in tim
until a new equilibrium is reached, characterized by a me
lengthL` .

In Fig. 1 we plot in log-log coordinates the time variatio
of the number of clusters of sizel after a quench from an
initial equilibrium MWD into a final state withL`510 is
performed. In contrast to a previous work@16#, where very
small deviations from equilibrium were considere
(12L0/L`)520.01, here we are interested in deviatio
that are nearly two orders of magnitude larger.

It is immediately clear from Fig. 1 that during relaxatio
to a new equilibrium state the temporal MWD does not p
serve its exponential form. Clearly, the change in the num
of free monomers in the system takes place much faster
that of clusters with largerl . In the late stages of relaxatio
the number of long chains still varies significantly where
the shorter species have already attained equilibrium val
However, even at late timesn1 still keeps changing, contrib
uting thus to the overall slow relaxational kinetics of MME
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56 1949MONOMER-MEDIATED RELAXATION IN LIVING POLYMERS
Thus a substitution of a constantn1
eq insteadn1(t) in Eq. ~6!

would produce an exponentially fast relaxation ofN(t) with
time in contrast to the results of numerical integration.

It is also evident from Fig. 1 that the variation of th
number of clusters of a given size is not symmetric w
respect to the direction of theT jump when the initial devia-
tions from equilibrium are equal.

In Fig. 2~a! we show the time evolution of a system co
sisting initially of only dimers, towards an exponential equ
librium MWD. The nonlinear relaxation ofL(t) ~cf. inset! is
clearly seen. The variation ofL(t) with time is reasonably
interpolated for all timest by the function

L~ t !/L`512S L`

L`2L0
1

t

2D 21

with L052 andL`55. In Fig. 2~b! we replot the data from
Fig. 2~a! in terms of nl versusl for several times elapse
after the quench. Evidently, att50.10 s, shortly after the
quench, the initiald-like distribution broadens and trans
forms into a Poisson distribution, which later changes int
Gaussian distribution ~at t
50.50 s! and ends eventually as an exponential distribut
after t530 s. Thus our numerical results for a system wi
out an initiator exactly follow the scenario, predicted
Taganov@20# for a MMEP with an initiator and even the
form of the MWD for various times after the quench is t
same as in his Fig. 2@20#, derived in terms of a continuum
approximation to the system of Eqs.~9!. It appears indeed
that MMEP systems with and without an initiator under
qualitatively the same relaxational process.

It turns out that a rather simple description of this nonl
ear relaxation in terms of asingle relaxation time,tL`

, de-

pending on the final average chain lengthL` is suggested by
a scaling plot ofL(t) for differentL` , as shown in Fig. 3 for
an initial exponential MWD. It is evident from Fig. 3 that th
response curves,L`2L(t), for different L` may be col-
lapsed on to a single ‘‘master’’ curve, 12L(t)/L`5 f (t/tL`

)

FIG. 1. Numerical solution for the evolution of the number
chains of lengthl ~given as a parameter! from an initial equilibrium
MWD with Leq

0 515 ~dashed lines!, andLeq
0 55 into a new equilib-

rium state withL`510.
a

n
-

-

if time t is measured in units of a single relaxation timetL`
.

For the case of an exponential initial MWD we fin
tL`

5(0.33L`)5. The scaling is also observed for an initiald
distribution, Fig. 4, where we obtaintL`

5(1.3L`)5. We also

find for the scaling function,f (x), where x5t/tL`
, f (x)

5x21 for x→`.

III. MONTE CARLO SIMULATION
OF THE MMEP MODEL

A. The algorithm

In the Monte Carlo simulation of the MMEP kinetics o
relaxation we use a modified algorithm@13#, based on the

FIG. 2. ~a! Numerical solution for the change in the number
chains of lengthl with time after a quench from an initiald-like
distribution of chains withL52. In the inset the variation of the
average chain lengthL(t) with time is shown~empty circles!. The
solid line denotes an interpolation by

L~ t !/L`512S L`

L`2L0
1

t

2D 21

with L052 andL`55. ~b! The same data plotted asnl vs l for
different times after the quench.
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FIG. 3. Scaling plot ofL(t) from the numeri-
cal solution of the rate equations for quenches
different equilibrium states from an initial expo
nential MWD withL52. The final mean lengths
L` are given in the legend. The inset shows t
original L(t) vs t data. HeretL`

5(0.33L`)5.
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highly efficient bond fluctuation model@25#, which is known
to be very reliable in reproducing both static and dynam
properties of polymer chains in melts and solutions. T
bond fluctuation model is a coarse-grained model of polym
chains, in which an ‘‘effective monomer’’ consists of an e
ementary cube whose eight sites on the hypothetical c
lattice are blocked for further occupation. This defines
largest possible density of the polymer solution, which
terms of occupied to total volume is 0.5. A polymer chain
made by effective monomers joined by bonds. A bond c
responds to the end-to-end distance of a group of 325 suc-
cessive chemical bonds and canfluctuatein some range. It is
represented by vectorsl of the set P(2,0,0), P(2,1,0),
P(2,1,1), P(3,0,0), andP(3,1,0), which guarantee that in
tersections of the polymer chain with other chains, or w
c
e
r

ic
e

r-

itself, are virtually impossible. All lengths are measured h
in units of the lattice spacing and the symbolP stands for all
permutations and sign combinations of the Cartesian coo
nates (l x ,l y ,l z), which yields a total of 108 permissibl
bonds. The modified bond fluctuation model allows now
a changing number of chains and chain lengths due to mo
mer attachment and/or detachment events in the course o
MMEP process. In the course of the simulation the ends
polymer chains are not allowed to bind together so that f
mation of rings is impossible.

Time is measured, as usual, in Monte Carlo Steps~MCS!
per monomer of the system and a MCS is organized as
lows: ~i! A monomer is chosen at random and allowed
perform a move according to the bond fluctuation mo
algorithm; i.e., a random jump on a cubic lattice is carri
l
d

FIG. 4. The same as in Fig. 3 for an initia
monodisperse system of dimers an
tL`

5(1.3L`)5.
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FIG. 5. ~a! Monte Carlo results for the time
evolution of nl(t) for l 51,2,3,4 after aT jump
from T051.0 with L051.289 to T50.35 with
L`54.280. ~b! The same for a heating from
T050.35 toT51.0.
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out so that chains do not intersect other chains or themse
~ii ! If a monomer happens to be an end of a chain, an atte
is made to detach it from the chain; i.e., its bond is broke
the value of a random number between 0 and 1 is sma
than the Boltzmann constant exp(2J/kBT). ~iii ! If a free
monomer exists within the range of permissible bond leng
from a chain end, it is associated with the chain and a n
bond is created.

During one MCS one carries out these three steps as m
times as there are monomers in the system. The simulat
have been done on a 30330330 cubic lattice with periodic
boundary conditions. In the regime of dense polymer so
tion with f50.4, which we keep throughout the present
vestigation, the system box accommodates a total of 1
monomers. Finite size effects have been found earlier to
appear@13# for system sizes larger than 15315315, how-
ever, in order to ensure good average values, the mean c
es.
pt
if
er

s
w

ny
ns

-
-
0

s-

ain

length L has been kept rather small—less than 1% of
total number of monomers in the system, which significan
restricts the choice of the lowest temperature. Usually,
have performed 30 runs for a givenT jump whereby the
initial, T0, and the final,T, temperatures, have been chos
so as to ensure a larger change in the MWD.

B. Simulational results

In Fig. 5~a! we show the evolution of the number o
chains of different length after cooling of the system fro
T051.0 to T50.35, and in Fig. 5~b! the same is shown fo
the reverse process of heating fromT050.35 toT51.0. Ob-
viously, the simulational curves, representing the chang
nl(t) with time are almost identical to those of Fig. 1, a
though in the MFA rate equations~4!, transport properties o
the medium have been completely ignored. This compar
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FIG. 6. Scaling plot for the relaxation of th
mean chain lengthL(t) after a T jump from
T050.35 to a series of final temperatures, giv
as a parameter along with the respectiveL`’s.
The same Monte Carlo results as in Fig. 5 a
used. Full line denotes the scaling functio
f (x5t/tL`

)5(2.21519x)21. In the inset the
evolution ofL(t) with time, measured in MCS is
shown.
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suggests that most of the conclusions, derived from the M
approach, could be found to be still valid in the case of o
computer experiment. Certainly, this might not be too s
prising since mean field treatments work best at high de
ties; in any case, however, it shows that a treatment in te
of a system of differential rate equations appears reasona

In the case of very low densities, however, the situat
could be more complex. The relaxation kinetics could
volve additionally a characteristic ‘‘diffusion time,’’ neede
by the free monomers to find a chain end in the soluti
This time would compete with the fragmentation rate a
possibly, if too large, slow down the evolution toward eq
librium. A simulational study of the limit of very low densi
ties would imply dealing with very large systems at suf
ciently low temperature so that one still hasLeq@1, and thus
require substantial computational efforts—we envisage
as a task for future work.

The behavior of the mean chain length is shown in Fig
as a raw data ~inset! and in a scaled form
@L(t)/L`21#L`

2 5 f (t/tL`
), representing a sudden heatin

of the system from initial temperatureT050.35 to a series of
higher temperatures,T50.5, 0.6, 0.7, 0.8, and 0.9. Despi
some statistical fluctuations at late times after theT jump, it
is evident from Fig. 6 that the different curves collapse o
single one if time is scaled by a singletL`

. As for the system

of rate equations~4!, we again findtL`
5(1.85L`)5, where

the power 5 is determined with an accuracy of62%. An
interpolation formula for the scaling functio
f (x5t/tL`

)5(2.21519x)21 appears to account well for th
observed relaxation kinetics.

IV. SUMMARY

We have studied the relaxation kinetics of a system i
state of monomer-monomer equilibrium polymerization,
A
r
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a
s

in sulfur and some dyes, in which association-dissociat
processes involve single monomers only. It appears th
different MMEP process, as in poly(a-methylstyrene! where
the polymerization involves an initiator, evolves qualitative
in the same way. For both, as in the case of wormlike m
celles with scission-recombination kinetics, the equilibriu
MWD is shown to be exponential, characterized by an av
age chain lengthL.

Within a MFA approach, describing the time variation
the number ofl chains after a temperature jump towards n
equilibrium, we find that the mean lifetimet l does not de-
pend essentially onl , which might have important implica
tions for the dynamics of MMEP systems.

From the numerical solution of the nonlinear coupled s
tem of rate equations, we conclude that during the dyna
response of the system to a strong perturbation, the MW
does not retain its exponential form, as in the case for wo
like micelles with scission-recombination kinetics. Starti
with an initial d-like MWD, the system evolves into a Pois
son, and later into a Gaussian distribution, the latter relax
eventually into an exponential distribution at equilibrium.
appears possible to describe MMEP relaxation in terms o
single characteristic time that varies as the fifth power of
equilibrium average chain length. During the asympto
~late! stages of relaxation the mean chain length approac
its equilibrium value ast21.

A Monte Carlo simulation of the relaxation kinetics in
MMEP system yields results that agree remarkably well w
the MFA treatment in terms of rate equations, suggest
that at higher density transport processes do not significa
limit the relaxation. Both the variation of the number
chains of a given length with time as well as the evolution
the mean chain lengthL(t) support the MFA conclusions
and demonstrate that the initial deviation from equilibriu
decays asymptotically ast21 and is described by a singl
characteristic timetL}L5.
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